Let G be a locally compact group, and let A(G) and VN(G) be its Fourier algebra and group von Neumann algebra, respectively. In this paper we consider the similarity problem for A(G): Is every bounded representation of A(G) on a Hilbert space H similar to a * -representation? We show that the similarity problem for A(G) has a negative answer if and only if there is a bounded representation of A(G) which is not completely bounded. For groups with small invariant neighborhoods (i.e. SIN groups) we show that a representation π : A(G) → B(H ) is similar to a * -representation if and only if it is completely bounded. This, in particular, implies that corepresentations of VN(G) associated to non-degenerate completely bounded representations of A(G) are similar to unitary corepresentations. We also show that if G is a SIN, maximally almost periodic, or totally disconnected group, then a representation of A(G) is a * -representation if and only if it is a complete contraction. These results partially answer questions posed in Effros and Ruan (2003) [7] and Spronk (2002) [25] .
Introduction
Let A be a Banach * -algebra. The similarity problem for A is the following question: Is every bounded representation of A as operators on a Hilbert space similar to a * -representation? The study of similarity problems for various classes of Banach * -algebras has its origins in the study of group representations. Let G be a locally compact group and let H be a Hilbert space. A strongly continuous (unital) representation π : G → B(H ) is said to be uniformly bounded if π ∞ := sup x∈G π(x) < ∞. The similarity problem for G asks whether every uniformly bounded representation π : G → B(H ) is similar to a unitary representation? In other words, is there an invertible operator S ∈ B(H ) such that the representation σ : G → B(H ) defined by σ (x) = Sπ(x)S −1 is unitary for all x ∈ G? If this is the case, π is said to unitarizable. We say that G is unitarizable if every uniformly bounded representation of G is unitarizable. In 1950, Day [4] and Dixmier [5] independently showed that if G is an amenable locally compact group, then G is unitarizable. Later on, the existence of non-unitarizable uniformly bounded representations was shown for several non-amenable groups such as SL(2, R) and the non-commutative free groups. See for example [2, 8, 11, 17, 18, 24, 27, 28] . It is still an open problem whether or not every unitarizable locally compact group is necessarily amenable [23] . In recent decades, various authors have applied the theory of completely bounded maps to study this similarity problem. One major result, due to Pisier [22] (see also [26, Theorem 6.11 
]), states that G is amenable if and only if for every uniformly bounded representation π : G → B(H ), there exists S ∈ B(H ) invertible such that Sπ(·)S −1 is a unitary representation and S S −1
π 2 ∞ . These results rely heavily on operator space techniques. For a detailed discussion see [23] .
Let dx denote a fixed left-invariant Haar measure on G. It is well known that there is a one-toone correspondence between the strongly continuous uniformly bounded unital representations of G and bounded non-degenerate representations of the Banach * -algebra L 1 (G) := L 1 (G, dx) . This correspondence is given by
Furthermore, it can be shown that π 1 L 1 (G)→B(H ) = π ∞ , that π is unitary if and only if π 1 is a * -representation, and that this happens if and only if π 1 is a (complete) contraction [7] . In particular, this implies that π 1 is similar to a * -representation if and only if π is unitarizable, and so the similarity problem for L 1 (G) is equivalent to the question of G being unitarizable. The similarity problem for C * -algebras is more commonly known as the Kadison Similarity Problem: Is every bounded representation π : A → B(H ) of a C * -algebra A similar to a * -representation? Many partial results concerning this problem have been obtained, most notably due to Christensen [3] , Haagerup [14] , and Pisier [23] . In particular, Haagerup showed that π : A → B(H ) is similar to a * -representation if and only if π is a completely bounded representation of A. Hence an important consequence of Haagerup's result is that the similarity problem for a C * -algebra A has a negative solution if and only if there is a bounded representation of A which is not completely bounded. Our goal in this paper is to study the dual version of the similarity problem for L 1 (G) . That is, we consider the Fourier algebra A(G), and the question of when a bounded representation π : A(G) → B(H ) is similar to a * -representation. In the language of Kac algebras [9] (or more generally locally compact quantum groups [16] ), A(G) is interpreted as the dual object of L 1 (G) in the sense of generalized Pontryagin duality. In particular, when G is abelian, with dual group G, then A(G) ∼ = L 1 ( G) via the Fourier transform. Thus for an abelian group G, the representation theory of A(G) coincides with the representation theory of L 1 ( G). In the general non-abelian setting though, very few results have been obtained on the structure of the representations of A(G). In [7] , Effros and Ruan used operator space tensor products to define Hopf algebraic structures on the preduals of Hopf von Neumann algebras. In this context, they asked whether every completely contractive representation of A(G) on a Hilbert space is in fact a * -representation. Independently, motivated by the work of Paulsen [21, Theorem 9 .1] and Pisier [22] , Spronk in [25] asked whether every completely bounded representation of A(G) on a Hilbert space is similar to a completely contractive representation. In this paper, we give partial affirmative answers to both of these questions as follows.
In Section 2, we give a brief introduction on the Fourier algebra A(G), the group von Neumann algebra VN(G), and the correspondence between completely bounded representations of
A(G) and the corepresentations of VN(G).
In Section 3, we show that a bounded representation π : Hereπ and π * are the bounded representations of A(G) given by
whereǔ(x) = u(x −1 ) for all x ∈ G. Furthermore, if π is non-degenerate and either (and consequently both of ) (i) or (ii) is satisfied, we show that there exists a similarity S ∈ B(H ) taking π to the * -representation Sπ(·)S −1 such that S S −1 π 2 cb π * 2 cb . As a consequence of these results, we obtain an analogous characterization for Fourier algebras to that of Haagerup's for C * -algebras: the similarity problem for the Fourier algebra A(G) has a negative answer if and only if there is a bounded representation of A(G) which is not completely bounded.
In Section 4, we show that there is a close connection between the similarity problem for A(G) and the invertibility of corepresentations of VN(G). One major result we obtain is that a nondegenerate completely bounded representation π : A(G) → B(H ) is similar to a * -representation if and only if its associated corepresentation V π ∈ VN(G) ⊗ B(H ) is an invertible operator. This, in particular, implies that V π is similar to a unitary corepresentation.
When G is a SIN group, we improve our results in Section 3 and show that π is similar to a * -representation if and only if π is completely bounded, and that π is a * -representation if and only if it is completely contractive (Section 5). Furthermore, if π is non-degenerate, we show that there exists a similarity S ∈ B(H ) taking π to the * -representation Sπ(·)S −1 such that S S −1 π 4 cb . Finally, in Section 6 we use structure theory for locally compact groups to extend some of these results, and conclude that every completely contractive representation π : A(G) → B(H ) is a * -representation whenever G is a totally disconnected, maximally almost periodic, or SIN group.
Preliminaries

The Fourier algebra
Let G be a locally compact group with a fixed left-invariant Haar measure dx. We denote
is a co-involutive Hopf von Neumann algebra with weak- * continuous coproduct Γ :
and weak- * continuous co-involution κ :
We refer to [9] for details regarding this.
The Fourier algebra, A(G), is defined as the predual of VN(G). By considering the pre-adjoint of the coproduct Γ on VN(G), we obtain an associative product Γ * :
We can identify A(G) with a dense * -subalgebra of C 0 (G) via the injective * -homomorphism
From now on, we will identify A(G) with the * -subalgebraλ(A(G)) ⊆ C 0 (G). Note that A(G) consists precisely of those functions in C 0 (G) which are coefficients of the left regular representation. That is,
where * denotes the convolution of functions on G andf (x) := f (x −1 ). Furthermore, the norm on A(G) is given by
We refer to [6] and the fundamental paper of Eymard [10] for details on these and other properties of the Fourier algebra.
For any left and right translation invariant space E of functions on G, we denote by L and R the natural left and right actions of G on E:
Given a complex function on G, we will also make frequent use of the so-called "check map" f →f and "tilde map" f →f wherě
Note in particular that the check map takes A(G) onto itself and is isometric, since it can be readily seen as the pre-adjoint of the (isometric) co-involution κ : 
It is readily checked that the operation (T , u) → T · u is indeed a contractive left action of VN(G) on A(G), and that pointwise, we have
and T ∈ VN(G), we will always denote by Tf ∈ L 2 (G) the image of f under the operator T . We note here the very important fact that whenever
, then again T · f = Tf (almost everywhere) and consequently we have the equality of convolution operators
Representations of A(G) and corepresentations of VN(G)
Our standard reference for operator spaces and completely bounded maps will be [6] . In particular, we recall that A(G), being the predual of a von Neumann algebra, comes equipped with a canonical operator space structure.
Let G be a locally compact group and let H be a Hilbert space. Given a bounded representation π : A(G) → B(H ), we say that π is completely bounded if
We say that π is a completely contractive representation if π cb 1. If M and N are two von Neumann algebras with preduals M * and N * , recall that there is a completely isometric identification
where CB(M * , N) is the operator space of completely bounded linear maps from M * into N , ⊗ is the operator space projective tensor product, and ⊗ denotes the von Neumann spatial tensor product [6, Theorem 7.2.4] . The identification between the first two spaces is given by the dual pairing
where
The identification between the last two spaces is a non-commutative Fubini theorem, which relies on showing that
Here, we are using the standard leg notation for V 1, 3 and
H that acts as V on the first and the third tensor factor and as the identity on the second one. V 2,3 is defined similarly.
If we let π ∈ CB(A(G), B(H )) be the completely bounded map corresponding to the operator V ∈ VN(G) ⊗ B(H )
, it is readily checked that condition (4) on V is equivalent to π being multiplicative. Therefore the completely bounded representations of A(G) on H are in one-toone correspondence with the corepresentations of VN(G) on H . Concretely, this correspondence is given by
where (3) is (completely) isometric, we always have
We note that it is shown in [19, Theorem A.1] that V π is a unitary operator (i.e. a unitary corepresentation of VN(G) on H ) if and only if π is a non-degenerate * -representation of A(G) on H . Finally, given a bounded representation π : A(G) → B(H ), observe that we can construct three additional bounded representations on H from π . These arě
and are defined by the formulaě
Since the maps u →ǔ, u → u on A(G), and the adjoint map on B(H ) are all norm-preserving, it follows that
Since the adjoint on B(H ) (for H infinite-dimensional) is never completely bounded and the check map on A(G) is not completely bounded unless G has an abelian subgroup of finite index [12] , we cannot infer complete boundedness forπ and π * from the complete boundedness of π (and visa versa). However, we will show in Lemma 2 that for any completely bounded representation π ,π is completely bounded and
Also if either ofπ or π * is completely bounded, then the other one is also completely bounded and we have
Completely bounded representations of A(G)
Recall that if (X, μ) is a measure space and H is a Hilbert space, then L 2 (X) ⊗ 2 H can be canonically identified with L 2 (X, H ), the Hilbert space of strongly measurable functions
Proposition 1. Let H be a Hilbert space, let Φ ∈ CB(A(G), B(H )) be a completely bounded map, and let V Φ ∈ VN(G) ⊗ B(H ) be the unique operator corresponding to Φ. Then for any
almost everywhere. In particular
This shows that the conjugate-linear functional
coincides with the conjugate-linear functional
Lemma 2. Let π : A(G) → B(H ) be a bounded representation and consider the representations
π ,π, and π * defined in (6) . Then:
is completely bounded if and only ifπ is completely bounded. In either case, Vπ
(ii)π is completely bounded if and only if π * is completely bounded. In either case,
Proof. Note that it suffices to prove (i) because π * =π and therefore (ii) follows from (i) by applying (i) to the representation σ =π . We now prove (i). Suppose that π is completely bounded with associated corepresentation
Thus the canonical identification (5) implies thatπ ∈ CB(A(G), B(H ))
, Vπ = V * π , and so
Since π =π , the converse is also true, completing the proof. 2 
) with the claimed norm estimate, it suffices by Wendel's theorem [19, Theorem 1] to show that T π η,ξ defines a right centralizer of L 1 (G) with the same norm estimate as the right-hand side of (9) 
is the right regular representation of G, the operator T π η,ξ automatically commutes with right translations by elements from G. We therefore only need to show that for any f ∈ L 1 (G),
, and therefore by (2), we have
denote the corepresentations associated to π and π * , respectively. By Proposition 1 we have
and
, one can easily show (by approximating g and h by sequences in A(G) ∩ L 2 (G)) that the preceding inequality extends by continuity to this situation. That is,
Therefore T π η,ξ is a right centralizer of L 1 (G) with norm no larger than
completing the proof. 2 Interestingly, Theorem 3 provides an elementary "operator space" proof of Eymard's theorem [10, Theorem 3.34] characterizing the Gelfand spectrum of the Fourier algebra. a dense subalgebra of C 0 (G) , χ = λ(μ χ ) extends uniquely to a character of C 0 (G). By Gelfand theory for the commutative C * -algebra C 0 (G), μ χ must correspond to point evaluation at some x ∈ G. Conversely, any x ∈ G gives rise to a character of A(G) by evaluation at x, completing the proof. 2
Corollary 4 (Eymard's theorem). For any locally compact group G, the Gelfand spectrum Σ A(G) of A(G) is precisely the group G itself.
Proof. Let χ ∈ Σ A(G) be any character of A(G). Thenχ is also a character of A(G)
Before stating the main result of this section, we would first like to make the following remark concerning the possible degeneracy of the representations of A(G) that we consider. is always non-degenerate. We call π e the essential part of π .
In the literature (see [3, 14, 21, 23] for example), authors generally only consider the similarity problem for non-degenerate representations of Banach * -algebras. However, this assumption of non-degeneracy is not really needed as long one assumes the Banach * -algebra A under consideration has a bounded two-sided approximate identity. This useful fact is probably well known, but we present a proof this here for completeness. Proposition 6. Let A be a Banach * -algebra with a bounded two-sided approximate identity {e α } α , and let π : A → B(H ) be a bounded representation with essential part π e . If π e is similar to a * -representation, then so is π .
Proof. Let Q ∈ B(H ) be a weak operator topology cluster point of the bounded net {π(e α )} α ⊆ B(H ). A routine calculation shows that Q is an idempotent with range equal to H e , the essential space of π . Furthermore, if M = sup α e α , then Q M π . Write H as the orthogonal direct sum H = H e ⊕ H ⊥ e , and relative to this decomposition define S ∈ B(H ) = B(H e ⊕ H ⊥ e ) to be the invertible operator given by
Since π(a)Q = π(a) for all a ∈ A, we have
That is,
Now suppose that π e is similar to a * -representation. Then there exists a * -representation σ : A → B(H e ) and an invertible operator T ∈ B(H e ) such that π e = T σ T −1 . This implies that
Remark 7. Note that if we assume in Proposition 6 that A has a contractive approximate identity and π 1, then the idempotent Q constructed above is a contraction. Therefore Q is actually the orthogonal projection from H onto the essential space H e , and it follows from this that
We are now ready to state the main result of this section. 
Furthermore, if π is non-degenerate and (i)-(iii) are true, then there exists an invertible operator S ∈ B(H ) such that Sπ(·)S −1 is a * -representation of A(G) and
Proof. The proof of (ii) ⇔ (iii) follows from Lemma 2. We now prove that (iii) ⇒ (i): If π and π * are both completely bounded representations, then for each ξ, η ∈ H , Theorem 3 implies the existence of a unique measure μ π η,ξ ∈ M(G) such that the coefficient operator T π η,ξ ∈ VN(G) defined in (8) is given by T π η,ξ = λ(μ π η,ξ ), and
Thus for any u ∈ A(G) we have
Consequently π is continuous with respect to the · ∞ -norm on A(G). Since A(G) is dense in C 0 (G), π extends uniquely to a bounded representation π 0 : 
Finally, we show that (i) ⇒ (ii): First note that if σ : A(G) → B(H ) is any * -representation, then σ is a complete contraction. Indeed, since any * -representation of A(G) extends uniquely to a * -representation of the universal enveloping
C * -algebra C * (A(G)) ∼ = C 0 (G), it follows that for any [u ij ] ∈ M n (A(G)), σ (n) [u ij ] M n (B(H )) [u ij ] M n (C 0 (G)) [u ij ] M n (A(G)) .
Now, if we suppose that the representation π : A(G) → B(H ) is similar to the * -representation σ : A(G) → B(H )
, then π is similar to a complete contraction. In particular, π must be completely bounded. Furthermore, sinceπ will also be similar to the * -representationσ , which is again completely contractive, we get thatπ is completely bounded as well. 2
Corollary 9. Let π : A(G) → B(H ) be a completely bounded representation. Then π is similar to a * -representation if and only if there is an invertible operator S ∈ B(H ) such that the representation S −1 π(·)S maps A(G) into a subhomogeneous von Neumann algebra.
Proof. Suppose that there is an invertible operator S ∈ B(H ) and a subhomogeneous von Neumann algebra M ⊂ B(H ) such that
Then ρ is a completely bounded representation of A(G) on H . Moreover, since the adjoint map is completely bounded on M, it follows that ρ * is also completely bounded. Therefore by the preceding theorem ρ is similar to a * -representation, and so, the same holds for π as well.
Conversely, suppose that there is an invertible operator T ∈ B(H ) and a * -representation σ : A(G) → B(H ) such that σ (u) = T −1 π(u)T for every u ∈ A(G). Then T σ (A(G))T −1 is commutative * -subalgebra of B(H ) so that the von Neumann algebra generated by T σ (A(G))T −1 is commutative, and in particular, subhomogeneous. 2
Note that if H is a finite-dimensional Hilbert space and π : A(G) → B(H ) is any bounded representation, then B(H ) ∼ = M n (C) is subhomogeneous and π is automatically completely bounded (see [6, Proposition 2.2.2])
, therefore we obtain the following corollary.
Corollary 10. Every bounded representation π : A(G) → B(H ) with H a finite-dimensional
Hilbert space is similar to a * -representation.
We finish this section with the following corollary which is analogous to the main result of Haagerup in [14] .
Corollary 11. Let G be a locally compact group. Then the similarity problem for A(G) has a negative solution if and only if there is a bounded representation of A(G) which is not completely bounded.
Proof. If every bounded representation of A(G)
is similar to a * -representation, then every such representation is automatically completely bounded by Theorem 8. Conversely, suppose that there is a bounded representation π : A(G) → B(H ) that is not similar to a * -representation. Then, by Theorem 8, either π or π * is not completely bounded. 2
Invertible corepresentations
Theorem 8 says that a completely bounded representation π : A(G) → B(H )
is similar to a * -representation if and only if the bounded representation π * (or equivalentlyπ ) is also completely bounded. In this section we show that if the corepresentation V π ∈ VN(G) ⊗ B(H ) associated to π is assumed to be an invertible operator, then π * andπ are automatically completely bounded, and therefore π is similar to a * -representation. To obtain this result, we need a few preparatory lemmas.
Lemma 12. Let π : A(G) → B(H ) be a bounded representation. Fix u ∈ A(G) ∩ C c (G), ξ, η ∈ H , and consider the coefficient operator T π η,π(u)ξ ∈ VN(G) defined in (8). Then for any f ∈ A(G) ∩ C c (G) we have
T π η,π(u)ξ · f ∈ C c (G) ∩ A(G) and G T π η,π(u)ξ · f (x) dx = G f (x) dx π(u)ξ |η .
Proof. Consider the function T π η,π(u)ξ · f ∈ A(G).
We have from (1) and (8) that
for all x ∈ G. Since f and u are compactly supported, the continuous map
Now choose ϕ ∈ C c (G) so that ϕ = 1 on supp(u) supp(f ). Then by the above considerations we have
But for all z ∈ supp((ϕ * f )u) ⊆ supp(u), we have
Lemma 13. Let π : A(G) → B(H ) be a completely bounded representation, and let V π ∈ VN(G) ⊗ B(H ) be the associated corepresentation of π . If V π has dense range, then π is nondegenerate.
Proof. Suppose V π has dense range. We need to show that
By linearity and the density of
V π (L 2 (G) ⊗ H ) in L 2 (G) ⊗ 2 H , this implies that g ⊗ η = 0 for all g ∈ L 2 (G). Therefore η = 0. 2
Remark 14. The converse of Lemma 13 is in fact also true: If π : A(G) → B(H )
is a nondegenerate completely bounded representation, then V π has dense range. Since we will not directly use this fact, we shall omit the proof.
Theorem 15. Let π : A(G) → B(H ) be a completely bounded representation such that the associated corepresentation V π ∈ VN(G) ⊗ B(H ) is invertible. Thenπ and π * are completely bounded representations, and
Proof. From Lemma 2 we know that Vπ = V * π whereπ is the representation defined in (6) . Since V π and Vπ = V * π are both surjective operators, Lemma 13 implies that both representations π andπ are non-degenerate. Sinceπ = (π * )ˇ, and u →ǔ is an automorphism of A(G), we see that π * is also non-degenerate.
Let
and π * is non-degenerate, H 0 is a dense subspace of H . We now define a linear map
by the equation
To see that Λ π * is well defined, we need to verify that
To see this, it suffices by linearity to assume η = π * (u)η 0 for some u ∈ A(G) ∩ C c (G) and η 0 ∈ H . But then the function (10) and Proposition 1, we have
.
and V π is continuous and surjective, the above calculation shows that
π ) * is a bounded operator, this implies that Λ π * is bounded, and
From relation (5) we see that the completely bounded map from A(G) to B(H ) corresponding to Λ π * is π * . Therefore π * is a completely bounded representation and V π * = Λ π * . By Lemma 2 (ii),π is also a completely bounded representation, and
We now state the main theorem of this section.
Theorem 16. Let π : A(G) → B(H ) be a non-degenerate completely bounded representation. Then π is similar to a * -representation if and only if its associated corepresentation V π ∈ VN(G) ⊗ B(H ) is an invertible operator. In either case, V π is similar to a unitary corepresentation.
Proof. If V π is invertible, then Theorem 15 implies that π * is a completely bounded representation. Therefore π is similar to a * -representation by Theorem 8.
Now suppose that π = Sσ (·)S −1 where S ∈ B(H ) is an invertible operator and σ : A(G) → B(H ) is a * -representation. Since non-degeneracy is preserved under similarities, σ is nondegenerate. By [19, Theorem A.1], the corepresentation V σ ∈ VN(G) ⊗ B(H ) is unitary, and
is similar to a unitary corepresentation (and therefore invertible). 2
is always an invertible operator. This suggests to us that the same should be true for the Fourier algebra: Given a non-degenerate completely bounded representation π : A(G) → B(H ), we expect that the corepresentation V π ∈ VN(G) ⊗ B(H ) should always be invertible (and therefore similar to a unitary corepresentation by Theorem 16). We are unable to prove this conjecture for arbitrary locally compact groups G. However, in the following section we show that this conjecture is true for the class of SIN groups (see Section 5).
Groups with small invariant neighborhoods
In this section, we will restrict our attention to the class of locally compact groups with small invariant neighborhoods (called SIN groups). Recall that a locally compact group G is a SIN group if it has a neighborhood base U at the identity e consisting of open neighborhoods which are invariant under the inner automorphisms of G. That is, for all U ∈ U and g ∈ G, we have gUg −1 = U . Typical examples of SIN groups are discrete, abelian, and compact groups. We will show that for any SIN group G, every completely bounded representation of A(G) on a Hilbert space H is similar to a * -representation of A(G). In other words, for SIN groups, the completely bounded representation theory of A(G) on Hilbert spaces is very simple -every completely bounded representation of A(G) on a Hilbert space arises as the restriction of a bounded representation of C 0 (G) on H . The basic idea in our approach is that when G is a SIN group and π : A(G) → B(H ) is a completely bounded representation, we can show that π is similar to a * -representation without having to a priori assume anything about the complete boundedness of the associated representationsπ and π * defined in (6) .
We begin with the following lemma which will be needed for our considerations of SIN groups. Recall that a locally compact group G is said to be unimodular if = 1, where : G → R + is the Haar modular function for G. Below, we will use the notation ZL 1 (G) to denote the center of the group algebra L 1 (G).
Lemma 18. Let G be a unimodular locally compact group, and let π : A(G) → B(H ) be a completely bounded representation. Fix ξ, η ∈ H and let
Proof. Let ϕ and ψ be as above.
and so
, where the last equality is obtained from Proposition 1. We now consider the term
This finally gives,
Remark 19. In Lemma 18, we only considered functions
It is however obvious from the above proof that we can use the density
to extend the conclusion of Lemma 18 to arbitrary ψ ∈ L 2 (G).
More precisely, we have for any ψ ∈ L 2 (G) and
We are now in a position to prove our main result for SIN groups. We will now prove this sufficient condition with constant C π = π 2 cb . To begin, fix ξ, η ∈ H . Since G is a SIN group, we can fix a neighborhood base U at the identity which consists of open neighborhoods U ∈ U with compact closure which are invariant under the inner automorphisms of G. For each U ∈ U , let χ U denote the characteristic function of U and define
It is easy to see that ϕ U ∈ A(G) ∩ C c (G) for every U ∈ U . Furthermore, since each U ∈ U is inner automorphism invariant, we have
Since G is unimodular, this means that
and consider the net {e U } U ∈U ⊂ L 1 (G) (where U ∈ U are partially-ordered by reverse inclusion).
Since supp e U ⊆ supp ϕ U and {supp ϕ U } U ∈U forms a neighborhood base at the identity, it follows that the net {e U } U ∈U is a bounded approximate identity for L 1 (G). Furthermore, for each U ∈ U , In [7] , it was asked whether the completely contractive representations of A(G) correspond to * -representations, and in [25] it was asked whether or not every completely bounded representation of A(G) is similar to a complete contraction. As a corollary to Theorem 20, we obtain partial answers to these questions. 
Other classes of groups
In this section we examine the possibility of extending the results of Section 5 to other classes of locally compact groups. The main result of this section is that the every completely contractive representation of A(G) is a * -representation even if we only assume that the connected component of G is a SIN group. We will consider the following terminologies. 2 .
Since > 0 and u ∈ A(G) was arbitrary, we have the result. 2
The following corollary is an immediate consequence of the preceding theorem. Recall that a locally compact group G is maximally almost periodic if the finite-dimensional irreducible representations of G separate points in G. For connected groups, the class of maximally almost periodic groups coincides with the class of SIN groups (see [13, Theorem 2.9] ). Also recall that G is said to be totally disconnected if G e = {e}.
Corollary 26. Let G be a locally compact group. Then every completely contractive representation of A(G) on a Hilbert space H is a * -representation in either of the following cases:
(i) G is a SIN group; (ii) G is maximally almost periodic; (iii) G is totally disconnected.
